PHYSICAL REVIEW B 82, 075409 (2010)

Tight-binding study of electron-hole pair condensation in graphene bilayers:
Gate control and system-parameter dependence

D. Basu,! L. F. Register,! Dharmendar Reddy,' A. H. MacDonald,? and S. K. Banerjee'
'Microelectronics Research Center, The University of Texas at Austin, 10100 Burnet Road,
Building 160, MER 1.606B/R9900, Austin, Texas 78758-4445, USA
2Department of Physics, The University of Texas at Austin, 1 University Station C1600, Austin, Texas 78712-0264, USA
(Received 4 May 2010; revised manuscript received 17 June 2010; published 10 August 2010)

The theoretical prediction of high-temperature electron-hole pair condensation when two graphene layers are
separated by a thin dielectric film has motivated experimental work which aims to observe this condensate, and
theoretical work which explores how its collective behavior could be used to design beyond-CMOS low-power
electronic logic devices. Here we use a m-band tight binding model combined with Fock mean-field theory to
explore the condensate properties. We study the effects of charge density, dielectric permittivity, interlayer
separation, and temperature, on the formation and strength of the condensate. We model the weakening and
eventual collapse of the condensate with increasing charge imbalance between layers, a mechanism which has

been proposed for beyond-CMOS switching based on condensate control. Finally, we explore critical currents
in the weak-coupling limit. We demonstrate that the critical current is extremely sensitive to the strength and
character of interlayer tunneling processes, especially when these are weak.
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I. INTRODUCTION

Recently it was predicted that exciton condensation could
occur in a system consisting of two graphene monolayers
that have equal density electron and hole carrier populations
and are separated by a thin dielectric layer, and that it could
survive perhaps up to and above room temperature under
suitable conditions.!> The resulting interlayer phase coher-
ence due to the exciton condensate state supports many-body
enhanced low-bias interlayer tunneling, as established ex-
perimentally for semiconductor bilayers at low-temperatures
and in a strong magnetic field.>* High-temperature conden-
sation is favored by a synergy of favorable graphene
properties: >3 the ability to use closely spaced atomically
thin layers to maximize the interlayer Coulomb interaction;
symmetric electron and hole band structures over the energy
ranges of interest that allow accurate nesting between the
electron and hole [two-dimensional (2D)] Fermi surfaces, a
zero band gap which allows all of any interlayer electrostatic
potential difference to be used to induce electrons and holes,
and a low density of states that leads to the desired high
Fermi energies at relatively low carrier densities. The possi-
bility of room temperature condensation, the enhanced low-
bias tunneling expected in the many-body ordered state, and
the possible gate control thereof, has already prompted a
design proposal for an extremely low-power logic device,
called a bilayer pseudospin field-effect transistor (BiSFET),
which could advance the international technology roadmap
for semiconductors.®’ Although not a simple drop-in replace-
ment for metal-oxide-semiconductor field-effect transistors
(MOSFETs), SPICE-based circuit modeling® has demon-
strated the possibility of creating a variety of logic elements
with such devices with switching energies per device on the
order of 0.01 aJ—i.e., 10 zepto-Joules (zJ)—discounting
parasitics, if such condensates can be formed and
controlled.**!® By comparison, “end of the roadmap”
complementary metal-oxide-semiconductor (CMOS) is ex-
pected to have switching energies of roughly 5 al.” The
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qualitative advantages of this collective device concept flow
from its use of gates to control collective rather than indi-
vidual electron transport. The BiSFET is currently only a
concept based on novel physics predicted in a novel materi-
als system, however. If such a device and/or other devices
based on such a condensate are to be realized, the conditions
under which this condensate can be created and controlled
must be better understood.

Here, we attempt to make progress in this direction by
exploring aspects of the condensate that can be addressed
under equilibrium conditions and within the mean-field
Hartree-Fock approximation used in the original work, using
a m-band tight binding model to extend the range of proper-
ties that can be explored. We study the sensitivity of the
condensate to engineerable system parameters, exhibiting
that the dielectric requirements are quite different than those
of, e.g., graphene-based MOSFETSs, or MOSFETs in general.
We explore the effects of charge imbalance, which was pro-
posed as a condensate control variable for the BiSFET. And
we also explore the interlayer critical currents within the
weak-coupling limit, demonstrating that achieving control
over interlayer tunneling processes will be an important chal-
lenge in fabricating electronic devices based on bilayer
graphene exciton condensates.

To the latter end, we note that when single-particle inter-
layer coupling is neglected entirely, the total electronic en-
ergy E,; in the presence of the nearly “spontaneously
formed” condensate remains independent of the global inter-
layer phase difference between the layers, w. However, in-
terlayer coherence is never truly spontaneous, but rather is
influenced by other processes such as single-particle tunnel-
ing between layers, which introduces an w dependence to
E\. This feature of bilayer exciton condensate physics plays
an essential role because it leads to dramatically enhanced
interlayer currents up to a critical value.!'~'3 When the inter-
layer phase stiffness is large, the critical current is given by
the maximum value of the collective interlayer current, '
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FIG. 1. (Color online) (a) Schematic of the two oppositely charged graphene monolayers, separated by a dielectric. (b) Arrangement of
C atoms showing the primitive cell (green rhombus) containing four atoms—A (dotted circle) and By (blue circle) for the top layer C atoms,
and Ay (red solid circle) and By (blue solid circle) for the bottom layer. This figure is for the Bernal stacking arrangement in which By lies
directly above Ag. Also shown are the real space lattice vectors d; and d,, and the vectors from A7 to the nearest neighbor By atoms, 7y, 715,

and 73.

I = (e/24)(IE o/ dw). (1)

When the layer degree of freedom in a bilayer is viewed as a
pseudospin, Eq. (1) can be viewed as a Landau-Liftshitz
equation for the time-derivative of the pseudospin compo-
nent which measures layer polarization. An interesting aspect
of graphene bilayer condensate physics is that the collective
current is sensitive to the details of the single particle inter-
layer coupling. We illustrate this dependence by performing
explicit calculations for the weak Bernal-like and hexagonal-
like bare interlayer coupling arrangements.

Our paper is organized as follows: In Sec. II, we explain
the bilayer graphene tight-binding model we use within
mean-field theory. In Sec. III, simulation results are pre-
sented exhibiting the detailed nature of the self-consistent
exchange potentials, characterizing the dependence of the
self-consistent band gap on various system parameters and
on carrier imbalance such as would be achieved through gate
control, and exploring the critical interlayer current within
the weak coupling limit. In Sec. IV, concluding remarks are
provided.

II. w-BAND COHERENT BILAYER MODEL

The bilayer graphene model system we study is shown
schematically in Fig. 1(a). The arrangement of the carbon
(C) atoms in the primitive cell of the two coupled graphene
layers is shown in Fig. 1(b). A uniform relative dielectric
constant &, is assumed as a first simple approximation to the
net effect of interlayer and gate dielectrics and gate-induced
screening. We start by neglecting the role of direct/bare
single-particle hopping between layers. The only interaction
between the two layers at this stage is the Coulomb attraction
between electrons in one layer and holes in its neighbor. The
solutions thus obtained may only be applicable in the weak
direct coupling limit of course. For the purpose of definite-
ness, we have assumed Bernal alignment between the two
layers in the relative spatial arrangement of the atoms in
most cases [B sublattice atom in top layer (By) located above
A sublattice atom in the bottom layer (Az)]. However, our

results do not change significantly—quantitatively or
qualitatively—if the two layers are aligned hexagonally (A
above Ag, and By on top of Bp).

Within Hartree-Fock (HF) theory many-body interactions
are approximated by a non-local mean field potential
Var(Ry,R,) for the electrons. Note that all of our explicit
calculations are performed in terms of the electrons in both
layers, rather than considering holes in the p-type layer. This
potential can be written as the sum of three distinct
potentials'> which are

Vir(R,Ry) = 8RR, Ry V,.,(R))

2
e
+8(R;,Ry) D ——————> ngleyR;)[
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- R))¢5(R,), 2
477808,|R1—R2| = n/}‘PB( 1)%05( 2) (2)

on our tight binding lattice, where R are the positions of the
atoms, ¢g are the tight-binding electron energy eigenfunc-
tions, and n pare the occupancy factors, and the (R, R,) are
Kronecker delta functions in the discrete coordinates R. The
first two terms are local, arising from the external field and
the local charge density (Hartree potential) respectively, and
the last term is the nonlocal Coulomb-mediated exchange
potential (Fock potential).

For this study of excitonic condensation in graphene bi-
layers, we are primarily interested in the interlayer exchange
interaction,

2

—e

Vir(R7.Rp) = 2 NaksPais(Rr)

HEVEL TS 4’77808,\/(AR)2+d2a,k‘s s Tk ST
X‘PZ,k,S(RB)' (3)

Here Ry and Ry are the 2D in-plane vectors for the atoms in
the top and bottom graphene layers, respectively. AR=|R;
—Ry| is the magnitude of the in-plane component of the
separation between the atoms, and d is the separation be-
tween the two layers. And the eigenstates label 8 has been
expanded in terms of the band index «a, wave vector k, and
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spin state s. The remaining potential, the Hartree terms and
the intralayer Fock terms serve to self-consistently determine
the gate potentials which would be required to introduce a
specific potential difference between the top and bottom lay-
ers. In this work, we represent these latter contributions sim-
ply by assuming a potential difference A, such that a =A/2
potential is added to the top (electron) and bottom (hole)
layers, respectively.

A self-consistent solution for Vir(R7, Rp) within an effec-
tive single-particle tight-binding Schrodinger equation is
sought to approximate the true many-body ground state. For
each value of «, k, s, this Schrodinger equation can be writ-
ten as:

Hip@axs(Rp) = (A12) @ (R + 2 Vip(R7, Rp) @i s(Rp)

Rp
= Sa,k,s‘pa,k,s(RT) (4a)
and
HrpPax.s(Rp) + (82) 0o (Rp) + 2 Vigr(Rp, R) @1 (R7)
Ry
= Sa,k,sgoa,k,x(RB) (4b)

for the top and bottom layers, respectively. Here, ¢ are the
eigenenergies and Hpg is the nearest neighbor m-orbital
(p.-orbital for the assumed x-y oriented graphene planes)
tight-binding Hamiltonian from which the single particle
band structure is obtained using

Hrp@ox(R) = tE Paks(R)), (5)
J

where t=-2.7 eV.!% Note that ¢, ((R) for any atom located
at R” outside the four-atom primitive unit cell of the bilayer
graphene system can be obtained from the value for the cor-
responding atom with the primitive unit cell R’ by using the
Bloch condition @ (R")=e®*® R (R").
Self-consistent solutions to Egs. (3), (4a), (4b), and (5)
can be obtained simply by setting the Coulomb-mediated
interlayer exchange interaction of Eq. (3) to zero. This solu-
tion corresponds to an uncorrelated state with electrons iso-
lated in one layer or the other, and bands in the two layers
simply shifted by +A/2. A self-consistent solution of Egs.
(3), (4a), (4b), and (5) that yields a nonzero value of the
interlayer exchange potential and eigenfunctions that are co-
herent sums of orbital amplitudes on both layers captures the
condensate state.'> As usual these solutions of the Hartree-
Fock equations minimize the total energy subject to the
Slater determinant wave-function approximation. When bare
interlayer tunneling terms are absent in the Hamiltonian, the
state with interlayer coherence, and therefore interaction
terms in the mean-field Hamiltonian that act like interlayer
hopping/tunneling potentials for the Hartree-Fock quasiparti-
cle, break the Hamiltonian symmetry which conserves par-
ticle number separately in each layer. The broken symmetry
state has lower interlayer Coulomb interaction energy be-
cause the anti-symmetry of the many-electron wave-function
reduces the spatial overlap probability between electrons in
different layers only when coherence is present. In terms of
the quasi-particle energy spectrum, a gap is formed in the
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FIG. 2. (Color online) Energy bands of two graphene layers
separated by 1.0 nm of SiO, (g,=3.9), having layer potentials of
—A/2 (top layer—blue) and +A/2 (bottom layer—red) in the un-
coupled state (solid lines) along the high symmetry directions in the
Brillouin zone (shown above). A=0.5 eV. Phase coherence be-
tween layers creates a correlated, lower energy state (black dash-
dotted lines). The inset magnifies the low energy spectrum, reveal-
ing a band gap E, of 74 meV at 0 K for balanced top and bottom
layer charge distributions, i.e., Er is located within the band gap in
this case.

band structure of the two-layer system about the points at
which the conduction band of the top layer and the valence
band of the bottom layer would otherwise cross. With the
Fermi level in the vicinity of this anticrossing, the energy
reduction for the condensed state can be seen in the reduction
of the energies of the occupied Hartree-Fock quasiparticle
states in the vicinity of the anti-crossing.

For illustration, this gap formation for the correlated state
at 0 K temperature with balanced charge distributions of
6% 10" cm™ corresponding to an interlayer potential split-
ting A of 0.5 eV, with an interlayer spacing of 1 nm, and with
a dielectric permittivity &,=3.9 of SiO, is shown in Fig. 2
where the quasi-particle energy bands are plotted along the
high-symmetry directions. The size of the gap in this case is
~30% of the isolated layer Fermi energies relative to their
respective Dirac points.

To obtain this and subsequent correlated state solutions
numerically, we used an iterative procedure and “seeded”
the calculations for the first iteration only either by re-
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FIG. 3. (Color online) The real-space variation of the exchange
potential Viye(R7,Rp) for coupling between atoms of the A sublat-
tices of top and bottom layers, as a function of Rz—Ry A
=0.5 eV, d=1 nm, £,=3.9, and balanced charge distributions at 0
K are assumed. Here and in Figs. 4-6 below, the color of the
marker spheres indicate the value of the interaction, and the sizes of
the spheres indicate the magnitude of this value.
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placing the tight-binding wave-function correlation product
Gaxs(R7) @ (Rp) in Eq. (3) by ¢ exp[ik(R7—Rp) where ¢
is a small dimensionless constant; by replacing the exchange
interaction of Eq. (3) with a Bernal-like or hexagonal-like
but weaker bare interlayer coupling; or by starting from a
self-consistent condensate state obtained previously under
different conditions. In any case, for subsequent iterations
the seed was removed and the Fock potential of Eq. (3) was
obtained from the wave-functions of the previous iteration,
and the calculation was iterated until convergence was
achieved. We emphasize that we have confirmed through
multiple tests that the final self-consistent solutions are not
dependent on this initial seeding method or value.

III. RESULTS AND DISCUSSION

A. Real-space characteristics of the nonlocal
exchange potential

The non-local mean-field exchange interaction appears as
an effective interlayer hopping term in the tight-binding
Hamiltonian. For conceptual understanding, it is convenient
to subdivide interlayer exchange into four contributions dis-
tinguished by sublattice indices for both top and bottom lay-
ers. Coupling between an A sublattice atom in the top layer
and an A sublattice atom in the bottom layer can be identified
as an A;-Ap interaction. Similarly A-Bp, Br-Ap, and B-Bp
interactions can be identified.

The non-local nature of the exchange interaction is evi-
dent from the self-consistently calculated A;-Ap exchange
potential shown in Fig. 3, obtained under the same condi-
tions as given above for Fig. 2. The rapidly oscillating de-
pendence of this nonlocal potential on Rz—Ry is apparent
from the positive and negative excursions of the potential in
Fig. 3. The picture becomes simpler if the contributions to
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FIG. 4. (Color online)
Vir(R7,Rp) for (left) A-Ap cou-
pling and (right) B;~Bg coupling,
obtained by dividing Vyr(R7,Rp)
by explikp(Rz—Ry)], as a func-
tion of Rg—Ry. The imaginary

components vanish. A=0.5 eV,
d=1 nm, ¢,=3.9, and balanced
. charge distributions at 0 K are
10 assumed.
-10 -10 X (nm)

Var(R7,Rp) from states near the two Dirac points kj, are
considered separately. (We have confirmed that the exchange
potential contribution from near one Dirac point has little
effect on quasiparticles near the other Dirac point, as as-
sumed from the beginning in continuum model theories.)
When we divide out the phase factor exp[ik,(Rz—Ry)] from
the Vyr(R7,Rp) contribution from near one or the other
Dirac point kj, we obtain the potential Viz(Rz,Rp), illus-
trated in Fig. 4 for A;-Ap and B;-Bjp interactions. To within
the arbitrary constant phase factor for Vie(Rp,Rp) as a
whole discussed above, the resulting functions A-Ap and
B-Bjp can be taken as purely real. Furthermore, the eigen-
states of the coupled system ¢, , that contribute most to the
exchange interaction are necessarily those that significantly
overlap both layers, those near the band anticrossing cen-
tered about the nominal Fermi surface kz=|ky—Kkp| location
for the uncoupled system for these balanced charge distribu-
tions. The calculated exchange interaction decays not only
with the large characteristic Coulomb decay of (AR?
+d?)~"2, but also with spatial correlation of the condensate
which, for typical gaps in these calculations for coupled
graphene layers, has a characteristic scale of AR~k;'.

The functions V{;x(Ry,Rp) for A;-Az and B;-Bp, while of
identical magnitude, are of opposite sign. This result is ex-
pected because conduction and valence band (pseudo-)
spinors at a given wave vector differ only by the relative sign
of their projections onto individual sublattices. This self-
consistent coupling we obtain is of the form required to
maximize the interaction between conduction band states in
one layer and valence band states in the other layer. How-
ever, as evident from Figs. 5 and 6, V(R Rp) for A;-Bg
and B-Ap coupling are complex functions of Rz—R7 and
have peak values that are quite a bit smaller than the Ar-Ap
and B7-Bjp couplings, having only about one-fifth of the peak
magnitude. Due to the chiral nature of graphene, the relative

FIG. 5. (Color online) (Left)
Real and (right) imaginary parts
of Viz(Rr,Rp) for ABp cou-
pling as a function of Rz—R;. A
=0.5 eV, d=1 nm, ¢,=3.9, and
balanced charge distributions at 0
K are assumed.

x (nm)

=10 10
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phases of the wave functions on the A and B sublattices of
each layer also vary rapidly with k around the Fermi surface.
As a result, even for small AR, the mostly constructive phase
interference among contributions of individual states ¢,y ; to
Viir(R7,Rp) between A sublattice sites and between B sub-
lattice sites, implies substantial destructive interference be-
tween the contributions to both A-By and B-Ajp exchange
potentials. We note that the mean-field interlayer coupling
Vir(R7,Rp) is quite distinct in character from any familiar
single-particle interlayer coupling, whether Bernal-like or
hexagonal-like. This observation will play a key role in the
consideration of critical currents later.

There are also separate solutions of the mean-field equa-
tions with mostly constructive interference among the con-
tributions for either A;-By or B;-Ap exchange potentials, but
at a cost of substantial destructive interference for all three
other combinations, and a corresponding weaker total cou-
pling that is less energetically favorable, at least in the ab-
sence of bare coupling. As a result, in our self-consistent
calculations of the spontaneous condensate, these solutions
are unstable, as also to be expected physically.

Finally we note that shifting the bottom layer lattice
slightly in real space to obtain a hexagonal spatial overlap
(A above Ag, By above Bjp) has essentially no effect on the
exchange potentials and band structure. The spatial structure
of the interlayer hopping mean field is determined almost
exclusively by the sublattice structures of the wave functions
at the Fermi level in the separate layers, and hardly at all by
the influence of relative atomic positions on interlayer Cou-
lomb interactions because of the large interlayer separations
d as compared to interatomic distances within the layers.
Even in a strongly coupled bilayer (low temperature 7, low
€,, small d) the band gaps for real-space hexagonal and Ber-
nal atomic arrangements are equal to within fractions of
meVs of one another.

B. System parameter dependence

In bilayer systems an electric potential difference between
layers is necessary to induce carriers and open up the oppor-
tunity for condensation. The dependence of the coherence-
induced band gap, a measure of the condensate strength, on
the electric potential difference A is shown in Fig. 7 for three
different dielectric constants and a fixed interlayer spacing d
of 1 nm. Note that there is continuous strengthening of the
condensate with increasing A. However the rate of increase
is smaller at large values of A. This diminishing rate of re-
turn is even more pronounced when viewed as a function of

PHYSICAL REVIEW B 82, 075409 (2010)

FIG. 6. (Color online) (Left)
Real and (right) imaginary parts
of Vir(Ry,Rp) for Br-Ap cou-
pling as a function of Rz—R;. A
=0.5 eV, d=1 nm, ¢,=3.9, and
balanced charge distributions at 0
K are assumed.

0

x (nm)

electron and hole densities, which scale as A% because of the
linear band structure in contrast to the Fermi energy which is
equal to A/2. On the other hand, A/2=E should remain
above roughly 8k,T where kj is Boltzmann’s constant, which
is approximately 200 meV at room temperature.

The low-energy quasiparticle band dispersion of the two-
layer graphene system is plotted in Fig. 8(a) as a function of
interlayer separation d, for effective dielectric constant e,
=2.2 and A=0.5 eV. As d increases, the exchange interac-
tion becomes weak and the band-structure approaches that of
the uncoupled system. The nearly exponential dependence of
the band gap on layer separation is evident from the semilog
plot in Fig. 8(b), where we plot the band gap at T=0 K and
A=0.5 eV for two additional dielectric constant values. This
strong dependence on the interaction strength, controlled by
d, has the same origin as the familiar strong dependence on
weak interactions in the qualitative McMillan formula for the
critical temperatures of superconductors.

In Figs. 7, 8(b), and 9, we plot the condensate band gap as
a function of ¢, for graphene layers separated by 1 nm, at
A=0.5 eV and T=0 K and T=300 K. These figures exhibit
the weakening of the condensate with increasing ¢, and the
corresponding decrease in the Coulomb interaction between
the two layers. Here we note that ¢, of 2.2 is essentially that
used in original work of Ref. 1 and is close to that speculated
for graphene on SiO, in air,'” or it can be thought of as that
of a low-« material such as BN.!® £,=3.0 corresponds to a
low-k dielectric like C-doped SiO,," £,=3.9 corresponds to
Si0,. And &,=9.1 corresponds to a high-« dielectric like
Al,Os5.

We note that overall the strength of the condensate is
more sensitive to changes in &, than d, as further exhibited in

300 -B- €r=2'2 ,E-‘E'-‘D
A £,=3.0 'B_-EV'
0 £=39 &
S 200 o5 iy
(0]
E
Lutn
100
0 " n n n
0 0.3 0.6 0.9

FIG. 7. (Color online) Band gap as a function of potential dif-
ference A for three different dielectrics, with d=1 nm and balanced
charge distributions at 0 K.
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FIG. 8. (Color online) (a) Low-energy dispersion of the graphene bilayer system with A=0.5 eV and £,=2.2 at 0 K, and balanced charge
distributions, as a function of layer separation d (legend entries are in nm). The labeled solid lines (black and red online, respectively) are
the band structures of the top and bottom graphene layers in absence of an exchange coupling between the layers. (b) Band gap E, in the
correlated condensate state for three different dielectrics, showing exponential scaling of the band gap with layer separation, at 0 K with

A=0.5 eV and balanced charge distributions.

Fig. 10 where the band gap is plotted as a function of both ¢,
and d. For example, the gap widens by a factor of about 3.9
when €, decreases from 4 to 2, but only by a factor of about
1.6 when d decreases from 2 nm to 1 nm. For the nonlocal
exchange potential Viyp(Ry,Rp) defined in Eq. (2), the un-
derlying Coulomb interaction varies with 8:1 for all values of
AR, but as d~! only for AR=0.

As in the theory of superconductivity, the mean-field
theory condensate is destroyed by thermal energies kzT on
the order of the 0 K energy gap, E,. Specifically, for these
otherwise decoupled graphene bilayers, the occupation prob-
abilities n, ; of the electronic states ¢,y ; below the band
gap that contribute most to Vyp(R;,Rp) decrease with in-
creasing temperature. In addition, the occupation of the
states above the band gap increase in the same way, but the
contributions to Vyr(R7,Rp) for any occupied states @y
above the band gap are precisely opposite to that for the
corresponding state ¢,y ; below the band gap. Both contri-
butions, thus, weaken Viyp(Ry,Rp) with increasing tempera-
ture. Furthermore, as the condensate weakens, the band gap
shrinks producing a positive feedback and a rapid collapse in
the self-consistently calculated condensate with increasing
temperature. Figure 11 shows the temperature dependence of
the band gap for three different effective dielectric constants.

(meV)

E

10

10°
€r

FIG. 9. (Color online) Band gap for two graphene layers with
A=0.5 eV, d=1 nm, and balanced charged distributions at 0 and
300 K, as a function of the dielectric constant. The minimum values
are limited by the accuracy of the calculation.

The layer separation d=1 nm and the potential difference
A=0.5 eV in all cases. As expected, the lower the permittiv-
ity, the stronger the 0 K condensate, and the higher the tem-
perature that can be tolerated. The insert in Fig. 11, where
the data is scaled by E,, illustrates that the condensate decay
is close to a universal function of kzT/E,, as expected for
these balanced charge distributions, with collapse with tem-
perature by kgT/E,=~0.25, or E,=~4kgT. Any parameter
change that alters the E,o/kgT ratio is expected to produce a
similar effect, as per the collapse of the condensate shown in
Fig. 9 at a fixed temperature of 300 K as a function of di-
electric permittivity when E,, approaches 100 meV
(kz-300 K=25.9 meV).

Mean-field theory accounts for condensate suppression
due to fermionic entropy at finite temperatures, but does not
account for thermal fluctuations of the condensate spatial
distribution. The latter effect dominates at very large values
of E, as explained in Ref. 1, but because of the conden-
sate’s substantial phase stiffness,! is expected to produce
relatively small changes in critical temperature 7, at the cou-
pling strengths that can be reached experimentally.

C. Gate control

Understanding the sensitivity of the condensate to charge
imbalance may be critical to designing and interpreting ex-

400

300

(meV)

200

E

100

\1»\//2
2 3

34
d (nm) &

FIG. 10. (Color online) Band gap E, for the bilayer condensate
with A=0.5 eV and balanced charged distributions at 0 K, as a
function of the interlayer dielectric constant ¢, and layer separation
d.
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FIG. 11. (Color online) Temperature dependence of the band
gap for three different dielectric constants with A=0.5 eV, d
=1 nm and balanced charge distributions. Lower &, results in larger
coupling strength and therefore larger 0 K band gaps that are, there-
fore, also more robust at higher temperatures. The top right insert
shows the same data scaled by 0 K band gap (E,), to illustrate the
similarity of the 7" dependence of band gap for different ¢,.

periments to observe the condensate. And gate control of the
condensate through its dependence on electron-hole charge
imbalance provides the switching mechanism imagined in
the proposed BiSFET device. Under equilibrium conditions,
a charge imbalance corresponds to a shift in the Fermi en-
ergy either up or down away from the middle of the conden-
sate’s band gap. In particular, lowering the Fermi level cor-
responds to decreasing the electron concentration in the
upper graphene layer and increasing the hole concentration
in the lower layer in these simulations. The associated reduc-
tion in occupation probabilities n, ; of the states ¢, ; is
most pronounced for those states of the correlated system
nearest to the band edge, which again are those which con-
tribute most strongly to Vyr(R7, Rp). Thus, the condensate is
weakened and the band gap shrinks. For these unbalanced
cases, the location of the Fermi level must be self-
consistently calculated, along with changes in Vir(Ry,Rp),
to maintain a fixed degree of charge imbalance as would be
imposed by external gating. We note that shifting the Fermi
level up, corresponding to increasing the electron concentra-
tion and reducing the hole concentration, has an identical
effect since the contributions of occupied states ¢, , above
the band gap to Vyp(Ry,Rp) precisely cancel out the contri-
butions of those of their counterparts ¢,y ; below the band
gap, as previously noted.

Self-consistently calculated band edges and relative Ep
positions as a function of the charge imbalance between the
top electron () layer and bottom hole (p) layer, here defined
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as (n—p)/(n+p), for the graphene bilayers separated by 1
nm of &,=3 low-« material at 25 and 300 K are shown in
Fig. 12. The same is shown for bilayers separated by 1.3 nm
under otherwise identical conditions in Fig. 13. (We use 25 K
here because, with the Fermi level now varying self-
consistently with the band gap, the solutions become increas-
ingly difficult to converge with decreasing temperatures.) We
find that the condensate can be eliminated by charge bal-
ances of 25% or less in these simulations. And it can be
substantially weakened at 300 K with charge variations of
around 10%, which is all that would be required for the
proposed BiSFET. Furthermore, though we have considered
only a small region of the design space here, it appears that
the weaker the initial condensate, the more sensitive it is to
charge imbalance. Thus, from an applications point of view,
the strongest condensate is not necessarily the best conden-
sate.

D. Critical current

The critical current that the condensate can support is ex-
pected to depend on the bare single particle (no condensate)
interlayer coupling Vy,,. as discussed in the introduction. To
estimate the critical current here, we treat the bare interlayer
coupling as a weak perturbation. The principal contribution
to the total electronic energy E, is that due to the interlayer
mean-field exchange interaction. However, this exchange in-
teraction does not actually establish a preferred value for the
phase difference w between the layers, as previously noted.
That is, the condensate properties of the otherwise uncoupled
layers remain the same if the phases of the self-consistent
wave-functions are uniformly modified by a phase factor e
in one layer. Therefore, the global interlayer phase (w) de-
pendence of the total electronic energy E, of Eq. (1) reduces
to the w dependence of the expectation value of the corre-
sponding single-particle coupling Hamiltonian contribution,
Viares here calculated to first order in terms of the wave-
functions of the unperturbed condensate state. This expecta-
tion value is,

<Vbare>= 2 (Ak/ABZ)na,k,s<¢a,k,s|Vba.re|¢a,k,s>7 (6)

ak,s

where Ay is the k-space area associated with each k
point, and Ag, is the Brillouin zone (BZ) area. The
wave functions have been normalized so that
2 ks A/ AN i { Paxs| Par.s)=4 per primitive unit cell,
consistent with filling the band structure up to the Dirac

60

E (meV)
E (meV)

T=300K,

d=1nm

FIG. 12. (Color online) Energy
band edges and Fermi level as a
function of carrier imbalance be-
tween top layer electron density
and bottom layer hole density for
graphene bilayers at 25 and 300 K
separated by 1 nm dielectric with
g,=3 and A=0.5 eV.

0.1 0.2
(n-p)/(n+p)

0.1
(n-p)/(n+p)
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T =300K,

d=1.3nm

FIG. 13. (Color online) Energy
band edges and Fermi level as a
function of carrier imbalance be-
tween top layer electron density
and bottom layer hole density for
graphene bilayers at 25 and 300 K
separated by 1.3 nm dielectric
with ¢,=3 and A=0.5 eV.

0 0.1 02 03 0
(n-p)/(n+p)

point on average. The critical current, ., the maximum
steady-state current that can flow between the two conden-
sates, can then be estimated from the maximum value of Eq.
(1), which now takes the form [I,=(e/2h)(JE,/dw)
=(e/2h)(KVyue) ! dw) here (where both spin and valley de-
generacy have already been accounted for in the summations
above).

In the geometry that is most commonly considered, the
interlayer hopping would occur across a possibly amorphous
dielectric. Epitaxial tunnel barriers, such as BN for example,
could offer important advantages if the relative orientations
of the graphene and BN layers could be controlled?” as will
become clear from the following discussion. Both the typical
size of tunneling matrix elements and the degree to which
they satisfy momentum conservation could vary widely.
Here, for the purpose of illustration, we treat the bare tun-
neling as simply a parameter. Consider first bare interlayer
coupling to be V,,..=f, for Ay and Ay atoms within the same
bilayer primitive unit cell, and to be zero otherwise. For the
condensate corresponding to 1 nm layer separation, a low-«
dielectric of &,=3.0 and an interlayer potential of A
=0.5 eV at 0 K, which produced a 127 meV band gap, we
find (see Fig. 14) that the critical current is approximately
(t,/eV) X (1.8X1073) X (e/h) per primitive cell, or 7,
X 8.4 nA nm—2 meV~'. (Expressed per nominal charge car-
rier per layer, electron or hole, the critical current is
(r,/meV)X0.58 X (e/h).) For a t, of approximately 1.2
meV this result is essentially that employed for modeling
purposes for the BiSFET,’ although even 1.2 meV is beyond
the perturbative limit for these calculations. However if un-
der the same conditions otherwise, we take V,,.=f, for a
Br-Ap Bernal-like coupling within the same primitive unit
cell, the critical current essentially vanishes (drops by
roughly two orders of magnitude or more depending on pre-
cise details of the layer alignments). The reason for this stark
difference becomes clear upon noting that the values of Fock
potentials Vi(Ry,Rp) of Eq. (3)—as illustrated by Figs.
4—6—at (or at least very close to) the origin, Rz—R;=0 are
the values of the corresponding expectation values of V. of
Eq. (6) to within a factor of —t,4meye,d/e® and the phase
factor w. As can be seen from these figures, in this way, bare
A7-Ap coupling or bare BBy will couple strongly to the
condensate. In contrast bare B;-Ap or bare A;-Bjy coupling to
the condensate essentially vanishes. And the hexagonal-like
in-phase sum of equal A-Ap and B;-Bj coupling, which is
essentially orthogonal to the condensate that is self-

01 02 03

(n-p)/(n+p)

optimized in an “antihexagonal” manner to maximize the
exchange coupling between the conduction band of one layer
and the valence band of the other, as discussed previously,
suffers the same fate. These stark differences demonstrate
that, in this perturbative limit at least, critical currents will be
sensitive not only to the thickness of the tunnel barrier but
also to its detailed atomic structure and coupling to the
graphene.

We emphasize that the above results were obtained in the
perturbative limit when the bare coupling is quite weak and
has little or no effect on the condensate itself, such as might
occur in initial efforts to experimentally observe such a con-
densate. However, in the presence of more significant if still
moderate bare A;-Ap or B;-Ap coupling for example, the
energetically favorable solutions for the combined Hamil-
tonian could take on this latter character, which would have a
profound effect on the corresponding critical currents.

IV. CONCLUSION

Recently it was predicted that exciton condensation could
occur in a system consisting of two graphene monolayers

(tL/eV)

< ‘/ba'rc > /tl
e O0<Viyare>
Ow

R

- -/ 0 T2 T

FIG. 14. (Color online) Expectation value of the interlayer tun-
neling (Vp.e) expressed in terms of the assumed bare interlayer
tunneling 7 |, as a function of the interlayer phase difference o (left
axis, blue solid curve). Right axis (green dotted curve) shows the
critical current. Both results are for interlayer bare tunneling be-
tween only Ay and Ap carbon atoms. (V},..) as well as the critical
current approaches zero for Bernal-like or hexagonal-like perturba-
tive coupling.
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separated by a thin dielectric layer up to and above room
temperature under suitable conditions."? In this article we
have begun to explore the design space under which such
condensates can be formed and exploited. We have used a
mean-field theory treatment of interlayer exchange interac-
tions within an atomistic tight-binding model of two
graphene monolayers layers separated by a dielectric tunnel
barrier. This model goes beyond that of earlier continuum
treatments, yet provides general agreement for properties that
can be evaluated with both models.

We first explored the strength of “spontaneously formed”
interlayer condensates and resulting energy gaps in the ab-
sence of bare single particle coupling as a function of engi-
neerable parameters including spacing and dielectric con-
stant, of perhaps gate-controllable degree of electron-hole
charge concentrations and balance or imbalance between the
layers, and of temperature. It is clear, e.g., that the use of
low-« dielectrics is optimum for this purpose, in contrast to
use of high-« dielectrics as optimal for gate-to-channel cou-
pling in MOSFETs, and that there would be a trade-off be-
tween condensate strength and the possibility of gate control
thereof.

Interlayer coherence, however, is never truly spontaneous
because other processes such as single-particle tunneling be-
tween layers always couple to the condensate and select a
preferred pattern of interlayer phases. For the considered ex-

PHYSICAL REVIEW B 82, 075409 (2010)

change coupling to produce a steady-state interlayer current,
such as for the previously proposed BiSFET, some bare in-
terlayer coupling is actually required to allow the condensate
to carry a steady-state collective interlayer current. Here, us-
ing a perturbative approach, we focused on the maximum
value of the condensate-enhanced interlayer current, the criti-
cal current, as a function of the bare coupling. Although the
bare coupling is treated simply as a parameter here, the re-
sults clearly indicated that the critical current may be sensi-
tive to not only the strength of the interlayer coupling, but its
detailed nature in this weak coupling limit. It should be
noted, however, that in the presence of more significant if
still moderate bare coupling, energetically favorable solu-
tions for the combined Hamiltonian could take on the char-
acter more in line with the bare coupling, which would have
a profound effect on the corresponding critical currents. If
electrical devices based on tunnel currents in excitonic con-
densate systems are to be made in the future, it will be nec-
essary to achieve an adequate degree of control over inter-
layer tunneling processes.
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